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I I n t r o d u c t i o n  
The Helmholtz e q u a t i o n  
2 + x e = 0 
and t h e  L a p l a c e ' s  e q u a t i o n  
have a g r e a t  s i g n i f i c a n c e  i n  p h y s i c s .  There  are many e q u a t i o n s ,  
i n p o r t a n t  f o r  p h y s i c a l  and t e c h n i c a l  a p p l i c a t i o n s ,  which r educes  
t o  Helmholtz Equat ion  i f  t i n e  dependence i s  s e p a r a t e d .  These equa- 
tions a r e  i . a  
1)  The d i f f u s i o n  e q u a t i o n :  
T h i s  t y p e  of e q u a t i o n  a p p e a r s ,  f .e. ,  i n  h e a t  conduc t ion  t h e o r y ,  
d i f f u s i o n  t h e o r y  and c i r c u l a t o r y  motion t h e o r y .  
2 )  The wave e q u a t i o n :  
3 )  The damped wave e q u a t i o n :  
4 )  The t r a n s m i s s i o n  l i n e  e q u a t i o n :  
2 
i:. 2 e = %  ~ + R % + S Q  
c a t 2  
5 )  The v e c t o r  wave e q u a t i o n :  
- L -  
The e q u a t i o n s  e n u m e r a t d  unde r  1 )  - 5 )  d e s c r i b e  q u i t e  g e n e r a l l y  t h e  b 
propagat  i o n  o f  wavcs. 
The Laplace  e q u a t i o n  o c c u r s ,  f.e., i n  e l a s t i c i t y  t h e o r y  ( s t r e s s  prob- 
lems, t o r t i o n  problems,  d i s t o r t i o n  problems,  t he rma l  e l a s t i c i t y  prob- 
lems a.s.o.), i n  p o t e n t i a l  t h e o r y  and i n  p o t e n t i a l  f low problems.  
Concerning the  s e p a r a b i l i t y  i t  i s  well-known t h a t  t h e s e  e q u a t i o n s  
can be s e p a r a t e d  i n  s p c c i a l  c o o r d i n a t e  sys t ems .  One d i s t i n g u i s h e s  
R and S s c p a r a b i l i t y .  
S - s e p a r a b i l i t y :  If t h e  assumpt ion  
pe rmi t s  t h e  s e p a r a t i o n  of  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i p n s  (1 ) 
and ( 2 ) , r ~ s p e c t i v e l y , i n t o  t h r e e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i c n s ,  t h e  
e q u a t i o n  i s  s a i d  t o  be s imply  s e p e r a b l e  o r  S - sepa rab le .  
R - s e p a r a b i l i t y :  If t h e  assumpt ion  
p t r m i t s  t h e  s e p a r a t i o n  of tht: p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  ( 1 )  
and ( 2 ) ,  r e s p e c t i v e l y ,  i n t o  t h r e e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s ,  
and i f  R = c o n s t . ,  t h e  e q u a t i o n  i s  s a i d  t o  be R-sepa lab le .  The 
q u a n t i t y  R i s  d e f i n e d  i n  111. 
'- 
No case  i s  known i n  which t h e  Helmholtz  e q u a t i o n  i s R - s e p a r a b l e ,  s o  
t h e  q u t s t i o r i  t h a t  a r i s c s  i s  merely w e t h e r  t h c  Laplace  e q u a t i o n  i s  
R - s t p a r a b l e  i n  some coordinate sys t ems .  I n  t h e  f o l l o w i n g  t a b l e  W E  
l i s t  t h e  R and S s e p a r a b i l i t y  o f  t h c  Lap lace  and Hc-lmholtz e q u a t i L n ,  
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i .  
r e s p e c t i v e l y  i n  v a r i o u s  c o o r d i n a t e  sys t ems .  We r e s t r i c t  o u r s e l v e  
t o  the well-known 11 c o o r d i n a t e  systems i n  which t h e  Helmholtz  
e q u a t i o n  i s  s e p a r a b l e  and t h e  most impor t an t  c o o r d i n a t e  sys tems 
wi th  r e g a r d  t o  t e c h n i c a l  problems i n  which t h e  Laplace  Equa t ion  
i s  R-separable .  
I n  Tab le  I S i n d i c a t e s  S - s e p a r a b i l i t y  
I t  R- 3 
X " non-se p a r a b i l i t  y 
I t  
I -  
- 
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I .  
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I ,  
All d i f f e r e n t i a l  e q u a t i o n s  which r e s u l t  from a s e p a r a t i o n  of t h e  
Helmholtz  e q u a t i o n  a re  s p e c i a l  c a s e s  of theBGcher e q u a t i o n .  I n i t i z l  
v a l u e  problems o f  t h i s  g e n e r z l  e q u s t i o n  were s o l v e d  by L i e  S e r i e s  
i n  iiep.2 and Rep.3 unde r  t h e  C o n t r a c t  N 6 R 52-046-001. S p e c i a l  
c a s e s  were t r e a t e d  i n  Rep.? and Rep.8 u n d e r  t he  same C o n t r a c t  and 
i n  the  Monograph e n t i t l e d :  S o l u t i o n  of Ordinary  D i f f c r e n t i a l  
Equa t ions  by Neans of  L ie  SEr iEs ,  by F.Cap, D . F l o r i a n i ,  V.Groebner,  
A.Sch€tt and J .wei i ,  pubi lshed by PIASA. 
The d i f f e r e n t i a l  e q u a t i o n s  which r e s u l t  from a s e p a r a t i o i  o f  t h e  
Laplace  eq-ua t ion  a r e  a l s o  con ta ined  i n  t h e  Bscher  e q u a t i o n .  
It means t h a t  f o r  i n i t i a l  va lue  problems t h e s e  o r d i n a r y  d i f f e r e n t i a l  
e q u z t i o n s  are s o l v e d  t o o .  Here we enumerate  f o r  t h e  s a k e  of complete-  
ness  t h e  t y p e s  o f  t h e  d i f f e r e n t i a l  e q u a t i o n s  x s u l t i n g  from a sepa-  
r a t i o n  of  L a p l a c e ' s  e q u a t i o n  i n  v a r i o u s  c o o r d i n a t e  sys tems.  Con- 
cErning  t h e  s o l u t i o n  o f  d i f f e r e n t  t y p e s  W E  r e f e r  t o  e a r l i e r  r g p o r t  
u n d e r  t h e  C o n t r z c t  EJGR 52-046-001, i f  t h e  e q u a t i o n  i s  t r e a t e d  a l -  
reedy o r  shall s o l v e  t h e  e q u s t i o n  f o r  i n i t i a l  v a l u e  p rob lems ,  i f  
t h e  Equa t ion  i s  n o t  i n v e s t i g a t e d  i n  e a r l i e r  r e p o r t s  a l r e a d y .  We 
enphasize, L i e  s e r i e s  can only  be u s e d  t o  r e p r e s e n t a t e  f u n c t i o n s  
i.2 r E g u l a r  dona ins .  
ii Types o f  D i i f e r e n t i a i  Equations i i t su i ' c ing  from a Separa i iou  
o f  Laplace  Equa t ion  i n  some i m p o r t a n t  Coord ina te  Systems; 
Type I:  
z q t >  - c z ( t )  = 0 
- 8 -  
c be ing  a c o n s t a n t .  T h i s  t y p e  a p p e a r s  i n :  
r e c t a n g u l a r  c o o r d i n a t e s ,  c a r d i o i d  c o o r d i n a t e s ,  
c i r c u l a r  c y l i n d e r  c o o r d i n a t e s ,  b i s p h e r i c a l  c o o r d i n a t e s ,  
e l l i p t i c - c y l i n d e r  c o o r d i n a t e s ,  t o r o i d a l  c o o r d i n a t e s ,  
j n r e b o l i c - c y l i n d e r  c o o r d i n a t e s ,  i n v e r s e  p r c l a t e  s p h e r o i d a l  coord-; 
s p h e r i c a l  c o o r d i n a t e s  i n v e r s e  o b l a t e  s p h e r o i d a l  coord .  
p r o l a t e  s p h e r o i d a l  c o o r d i n a t e s ,  b i - c y c l i d e  c o o r d i n a t e s ,  
o b l a t e  s p h e r o i d a l  c o n r d i n a t e s  , f l a t - r i n g  c y c l i d e  c o o r d i n a t e s ,  
p a r a b o l i c  c o o r d i n a t e s ,  d i s k - c y c l i d e  c o o r d i n a t e s ,  
t angsn t  - sphe r e  coo r d i n n t  e s , cap-cyc l ide  c o o r d i n a t e s .  
T h i s  t y p e  i s  a l r e a d y  t r e a t e d  i n  Rep.7. 
Type 11: 
I z q t )  + $ Z l ( t )  - (b2 + c )  z ( t )  = 0 (11 9 2 )  
t 
a, b , c be ing  c o n s t a n t s .  T h i s  e q u a t i o n  a p p e a r s  among t h e  e q u a t i o n  o f  
c i r c u l a r  c y l i n d e r  coord . (a  = I ) ,  s p h e r i c a l  c o o r d i n a t e s  
p a r a b o l i c  c o o r d i n a t e s ,  c o n i c a l  c o o r d i n a t e s ,  
t angen t - sphe re  c o o r d i n a t e s ,  c a r d i o i d  c o o r d i n a t e s .  
Z q . ( 1 1 , 2 )  i s  a l r e a d y  t r c a t e d  i n  Rep.7. 
TJpc 111: 
2 
Z l l ( t )  + ( a  + b t  ) Z ( t )  = 0 (1193) 
Eq.(II,3) a p p e a r s  among t h e  e q u a t i o n s  o f  p z r n b o l i c  c y l i n d e r  c o o r d i n a -  
t G s .  For  t h e  s o l u t i o n  o f  t h i s  t y p e  SEE- Rep.7. 
T y p e  IV: 
2 2 
Z l ' ( t )  - ( a 2  + a a cush  t )  Z ( t )  = 0 3 
3 2 9  a y  a being c o n s t a n t s .  T h i s  e q u a t i o n  r e s u l t s  from a s e p a r a t i o n  o f  
t h e  Laplace  e q u a t i o n  i n  e l l i p t i c  c y l i n d e r  c o o r d i n a t e s .  F o r  s o l v i n g  t h i s  
e q u a t i o n  s e e  Rep.8. 
- 9 -  
Type V: 
a 
s i n h  t 
J2 ) z ( t )  = 0 2 2  2 Z " ( t )  + c o t h  t Z ' ( t )  + (x a s i n h  t - a2 - 
(1195) 
x ,  a ,  a29 a3 be ing  c o n s t a n t s .  
T h i s  e q u a t i o n  a p p e a r s  among t h e  e q u a t i o n s  i n  
p r o l a t e  s p h e r o i d a l  (a&) coord.,  t o r o i d a l  ( a = O )  c o o r d i n a t e s ,  
i n v e r s e  p r o l a t e  s p h e r o i d a l  (azo) c o o r d i n a t e s  
Type VI: 
z t l ( t )  + c o t  t z*(tj + ( x  2 2  a s i n  2 t + a2 -  a3 z ( t )  = 0 ( I I , ~ )  
sin t 2 
x ,  a ,  a 2 ,  a3 be ing  c m s t a n t s .  
T h i s  e q u a t i o n  r e s u l t s  f rom: 
s p h e r i c a l  ( a  = 0) c o o r d i n a t e s ,  
prnlate spheroic!.l (8. = 0 )  c o o r d i n a t e s  
o b l a t e  s p h e r o i d a l  ( a  = 0) c o o r d i n a t e s ,  
b i s p h e r i c a l  ( a  = 0) c o o r d i n a t e s ,  
i n v s r s e  p r o l a t e  s p h e r o i d a l  ( a  = 0 )  c o o r d i n a t e s ,  
i n v e r s e  o b l a t e  s p h e r o i d a l  ( a  = 0)  c o o r d i n a t e s .  
E~.(II,~) was i n v e s t i g a t e d  i n  R ~ p . 8  a l r e a d y .  
Type V I I I :  
ar 
32 ) z ( t )  = 0 (1197) 2 2  2 Z " ( t )  + t a n g h  t Z t ( t )  + ( x  a cdsh t - a2  + 
cosh t 
L.-: -- eccstznts. e q i ~ s t i n n  r ~ c i ~ l t s  frnm: 
G3 u c L L r g  i i ,  a ,  z2,  
o b l a t e  s p h e r o i d a l  ( a  = 0) c o o r d i n a t e s ,  
i n v e r s e  oblEite s p h e r o i d a l  ( a  = 0) c o o r d i n a t e s .  
The s o l u t i o n  i s  g i v e n  i n  Rep.8. 
- 1'0 - 
r;! - -.ype V I I I :  
2 4  2 
( K  t +a t + a 2 )  2 2  t ( 2 t 2 - ( b  +c ) )  
2 2  2 2  ( t  -b ) ( t  -C ) 
z q t )  + 2 2  2 2  z ( t )  = 0 
( t  -b ) ( t  -C ) 
Z " ( t )  + 
b ,  c ,  1c, a2 ,  ct3 being '  c o n s t a n t s .  
T h i s  e q u a t i o n  a p p e a r s  among t h e  e q u a t i o n s  i n  
c o n i c a l  c o o r d i n a t e s ,  
e l l i p s o i d a l  c o o r d i n a t e s .  
F o r  s o l v i n g  E q . ( I I , B )  s e e  R ~ p . 8 .  
Type I X :  
2 2  n t +cy t - a2  
( t - b ) (  t - c )  z(t) = 0 z q t )  + 
1 (2 t - (b+c  
z " ( t )  + 7 ( t - b ) ( t - L )  
b ,  c ,  n ,  "2 '  013 b e i n g  c o n s t a n t s .  
E q . ( I I , 9 )  r e s u l t s  from a s e p a r a t i o n  of  t h e  Lap lace  e q u a t i o n  i n  
p o r a b o l o i d a l  c o o r d i n a t e s .  The s o l u t i o n  f o r  i n i t i a l  v a l u e  problems 
i s  g i v e n  i n  Rep.8. 
Type X: 
2 3 '  + - + - 1 z q t >  [I 1 Z " ( t )  + I -  -: 2  t-a1 t -a2 t -a  
I _  3 2  
t 
whs re k , a 2 ,  a 3 ,  a i ,  b .  b e i n g  c o n s t a n t s  (i = 1 , 2 , 3 ;  j = 0,l  , 2 , 3 )  
The s o l u t i o n  f u n c t i o n s  of  E q . ( I I , 1 0 )  a r e  Heine f u n c t i o n s  / I / .  
Let  a, = 0 ,  a2 = 1 ,  a3 = l / k L ,  
"2 
a k t 4  
"2 3 b, = (a2+2) + - -  
k2 k2 
2 b2 = (a2+2) + 2k 
4 b = 2k 3 
and 
t - =  s n  y 
t h e n  one o b t a i n s  t h e  Equat ion 
2 .  
1 
sn$(  dn2f +k2cn25) 
Z'l(t;) - Z ' ( f - )  + 
c n i  d n s  
z(C) = 0 > 
where thE J a c o b i  e l l i p t i c  f u n c t i o n s :  
sn - s i n u s  z m p l i t u d i n i s  
cn - c o s i n u s  a m p l i t u d i n i s  
dii - d e i t a  w p i i - t u a i n i s  
E q . ( I I , l O a )  r e s u l t s  from a s e p a r a t i o n  of t h e  Laplace e q u a t i a n  i n  
b i - c y c l i d e  c o o r d i n a t e s .  Obviously t h e  s o l u t i o n  f u n c t i o n s  of Eq. (11, 
l o a )  a r e  Heine f u n c t i o n s  / I / .  
Let a, = 0 ,  a2 = 1 ,  a3 = k 2 
- '2- 
2 b = ( a  -a ) + k ( a 2 + 2 )  
1 2 3  
2 b2 = - (a2+2)  - 2k 
3 = 2  b 
and 
t = dn 
we o b t a i n  ,z-om Eq. ( I  
2c 
> '  
9 ) t,,e e q u a t i o n  
(I1 , I  Ob) 
which i s  a g a i n  s o l v e d  by Heine f u n c t i o n s  / I / .  
E q . ( I I , l O b )  appea r s  among t h e  e q u a t i o n s  which one o b t a i n s  by sepa-  
r a t i o n  o f  L a p l a c e ' s  e q u a t i o n  i n  b i - c g c l i d e  c o o r d i n a t e s .  The g e n e r a l  
s o l u t i o n  o f  E q . ( I I , I O )  i s  g i v e n  by 
where .? (i = 1 , 2 )  are Heine f u n c t i o n s .  
For  r e g u l a r  domains we can s o l v e  E q . ( I I , 1 0 )  by L i e  s e r i e s .  A s  
i 
E q s . ( I I , l O a ) ,  ( I 1 , l O b )  a r e  s p e c i a l  c a s e s  of  E q . ( I I , 1 0 )  we have 
on ly  t o  t r e a t  E q . ( I 1 9 1 0 ) .  
The s o l u t i o n  r e p r e s e n t a t i o n  f o r  i n i t i a l  v a l u e  problems i s  g i v e n  i n  
Rep.2 and Rep.3 by Eq.(14)  and E q . ( 4 4 ) ,  r e s p e c t i v e l y .  
E q . ( l 4 )  i n  Rep.2 r e a d s :  
. 
The o p e r a t o r  D i s  g i v e n  by: 
2 2 -i 
t -a  + t-a ' 2  + 
2 3 -  
2 3 1' 
+ -  I 1  [ 1 i 2 i t - a l  L 
i, 
- -  
- 
b +b t+b2 t  +b t 
1 '  0 1 3 
2 2 - - I  4 L( t - a l ) ( t - a2 )  (t-a,) 2 
1 1 1 
t-a2 + -1 t-a3 
bQ+b,t+b2t  2 +b t 3 
3 2) = 2 f 2 ( t )  = - ( 4( t -a l  ( t-a2 ) ( t-a3 ) 
5 A 4 A + 
2 +  AJ+ t -a2 ( t -a3)  2 + -  t -a3 
A2 - -   
t-al ( t - a2 )  
- 14 - 
Eqs..(II,12), (II,13) , (II,14) s o l v e  e q u a t i o n  (I1,IO) f o r  r e g u l a r  
domains.  
The s o l u t i o n  r e p r e s e n t a t i o n  Eq.(44) i n  Rep. 3 r e a d s :  
The i n t e g r a l  can be e v a l u a t e d  by a n  i t e r a t i v e  method a c c o r d i n g  t o  
/ 2 / .  The symbol a added a f t e r  t h e  b r a c k e t  i s  t o  i n d i c a t e  t h a t  a f t s r  
a p p l i c a t i o n  of t h e  D-operators  z,, z 2  hnve t o  be r e p l a c e d  by 
e t  Dl and e 
z i v e n  by t h e  r e l a t i o n s :  
'1, r e s p e c t i v e l y .  A I ,  A 2 ,  T and D2 i n  Eq. (11,15) a r e  
1 2 Z 
Tqs.(II,15), ( 1 1 ~ 6 )  s o l v e  Eq.(II,lO). If t h e  i n i t i a l  v a l u e s  Z ( t = t o )  
and Z ' ( t = t u )  a r e  g i v e n ,  t h e  s o l u t i o n  of Eq.(II,10) c a n  be e v a l u a t e d  
f o r  r e g u l a r  domains. 
The v a l u e s  Z ( t = t o )  and Z ' ( t = t o )  can  be looked  up i n  t a b l e s .  
ThE q u e s t i o n  
s e r i e s  r e p r e s e n t a t i o n  Eqs.(II,12), (I1915). 
a r i s e s  how we can  compute t h e  Heine f u n c t i o n s  by L i e  
- 15 - 
The g e n e r a l  s o l u t i o n  of Eq.(II,lO) i s  g i v e n  by 
Z ( t )  = A X l ( * )  + Be2(t)  
A and B be ing  a r b i t r a r y  c o n s t a n t s ,  F, , K2 are  Hsine f u n c t i o n s .  
The s o l u t i o n  and i t s  d e r i v a t i v e  i s  g i v e n  by: 
Z ( t )  = A E 1  + B 3f'2 = Z , ( t )  
Z ' ( t )  = A X I l  + B~A'12 = Z 2 ( t )  
Without r e s t r i c t i o n  o f  g e n e r a l i t y  we may choose : 
1 Z ( t = t o )  = x (t=t ) = z 1 9 
z ' ( t = t  0 ) = %  2( t=t  0) = =2 
i . e .  we have put  A = 1 dnd B = 0. F u r t h e r  t h e  e q u a t i o n s  a r e  v a -  
lid. 
b - 3  - 
D" z ,  t :  z ( t )  = *,(t) = '; -
1' ! 0 
F o r  numer i ca l  e v a l u a t i o n  o f  !c 
o f  t = t and choose a s t e p  s i z e  of , t .  A s  t i n c r e a s e s  more 
t e rms  7 z1 
s c r i b e d .  S i n c e  t h e  computers have a l i m i t e d  numer i ca l  r a n g e ,  o n l y  
a l i m i t e d  number of t e rms  
Consequent ly ,  w e  expand t h e  f u n c t i o n s  Z ( t )  a t  t = t 
a c e r t a i n  s t e p  s i z e l i t  we c a l c u l a t e  t h e  f u n c t i o n  3?. i n  t h e  r e g i o n  
we expand Z ( t )  i n  t h e  neighborhood 1 
0 
is z, have t o  be c a l c u l a t e d  i f  t h e  accu racy  is pre-  
z can be c a l c u l a t e d  . A' D - 1 
and u s i n g  
0 
1 
t o ,  t, . A t  t l  t h e  f u n c t i o n  XI w i l l  be expanded a g a i n .  Cont inuing  
t h i s  method, we can compute-$ and  X I l  f o r  r e g u l a r  domains. 1 
I n  an ana logous  way one may c a l c u l a t e  t h e  f u n c t i o n # *  by means o f  
L ie  s e r i e s .  Concerning t h e  impor t an t  problem of e r r o r  e s t i m a t i o n  
o f  t h e  s o l u t i o n  r e p r e s e n t a t i o n s  E q . ( I I , 1 2 )  and  E q . ( I I , I 5 )  we r e f e r  
t o  a l r e a d y  pub l i shed  pape r s  / 2 ,  3 / .  
G.MAESS t r e a t s  i n  p a p e r  / 3 /  an  e r r o r  e s t i m a t i o n ,  which may perhaps  
be u s e d  f o r  numer i ca l  computa t ion  o f  E q . ( I I  , 1 2 ) .  A s  we have n e v e r  
used  t h i s  method, we cannot  d e c i d e ,  we the r  t h i s  e r r o r  e s t i m a t i o n  
i s  s u i t a b l e  f o r  numer i ca l  e v a l u a t i o n  of  Eq.  (I1 , I  2 ) .  
H.KNAPP d i s c u s s e s  i n  p a p e r  /2/  t h e  e r r o r  e s t i m a t i o n  o f  t h e  r e p r e -  
s e n t a t i o n  E q . ( I I , l 5 ) .  The u s e f u l n e s s  of t h i s  method was a l r e a d y  
proved by numer i ca l  c a l c u l a t i o n s  / 2 / .  
Whether E q . ( I I , l 2 )  o r  E q . ( I I , l 5 )  i s  more advantageuus  f o r  computing 
t h e  s o l u t i o n s  can on ly  be dec ided  by h e l p  of  a computer .  
, 
Type X I :  
2 :  + - :  + -  ! t -a  1 
2 3 __. 
7 2 
1 1 1  I 
2 !  t-a t-a 
z q t )  + - - 
- 1  
'-bo+b, t + b 2 t  I + -  
- 1 
z q t )  + 
z ( t )  = 0 
where,  a l  , a2, a3'  b o ,  b, , b 2 ,  b be ing  c o n s t a n t s .  The s o l u t i o n  3 
I f u n c t i u n s  of E q . ( I I , 1 8 )  a r e  Wangerin f u n c t i o n s .  , 
- g2  
bl  =T 
and 
2 '- t = s n j  
/ 
one o b t a i n s  from Eq . ( I I , 18 )  t h e  e q u a t i o n  
- - * 2, 1 - a2 - a (k sn , + - )I
2: sn . -, Z ( f )  = 0 3 
(II,18a) 
be ing  c o n s t a n t s  OL3 k ,  a29 
' On. c o s i n u s  a m p l i t u d i n i s  
s n  s i n u s  11 
dn d e l t a  II 
m ihis e q u a t i o n  r e s u l t s  from a s e p a r a t i o n  of L ~ p l a c e  Is cqua t i cn  i n  
I f l a t - r i n g  c o o r d i n a t e s ,  
cap-cycli .de c o d r d i n a t e s .  
Fy t h s  t r a n s f d r m a t i o n  t = cn2.j 
Eq.(II,18) t h e  d i f f e r e n t i a l  e q u a t i o n  
one o b t a i n s  w i t h  Eqs.(II,l9) and 
snf dn/7 
c n  C 
Z l l ( $ )  - Z ' ( i j )  + 
2 2 '  b, = (a2-k )/k 
b2 = a -1 
3 
8 
T h i s  e q u a t i o n  a p p e a r s  among t h e  s e p a r a t e d  Laplace  e q u a t i o n  o f  
d i s k - c y c l i d e  c o o r d i n a t e s .  
I f  a 2 = 1 ,  a2 = - ( k ' / k )  , a3 = 0 
3 
1 
b = 0 1  
0 
b = (k I2 -a2 ) /k  2 
1 
b2 = 1-aj(kl/k)2 
and 
t = cn2f  
one o b t a i n s  from ( I I , 1 8 )  t h e  e q u a t i o n  
s n t  dny 
cn  5 z y  - z'q) + 
( I I , 1 8 c )  
T h i s  e q u a t i o n  a p p e a r s  among t h e  s e p a r a t e d  Laplace  e q u a t i o n s  i n  
d i s k - c y c l i d e  c o o r d i n a t e s .  
2 If a, = 1 ,  a2 = k , a3 = 0 
2 b = - a k  
0 3 
b =  1 -"2 
3 =  3 b 
and 
1 -a 
2 <  
) 
t = dn 
one o b t a i n s  from t h e  o r i g i n  e q u a t i o n  ( I I , 1 8 )  t h e  e q u a t i o n :  
. 
$ 1  2 sn '  cn(, 
Z"(':,) ' ' z*(\) + dn <; 
( I I , 1 8 d )  
- -19 - . 
k * -  
T h i s  e q u a t i o n  r e s u l t s  from a s e p a r a t i o n  o f  t h e  L a p l a c e ' s  e q u a t i o n  i n  
f 1st - r i n g  c o o r d i n a t e s ,  
c sp -cyc l ide  c o o r d i n a t e s .  
Eqs .  ( 1 1 , 1 8 a ) ,  (11 ,18b) ,  ( I I , 1 8 c )  and ( I I , 1 8 d )  a r e  s o l v e d  by 
,gr,np,erin f u n c t i o n s .  
The above enumerated e q u a t i o n s  a r e  s p e c i a l  c a s e s  o f  E q . ( I I , l 8 ) .  
T h e r e f o r e  we have o n l y  t o  so lve  E q . ( I I , l 8 ) .  
Fo r  r e g u l a r  domains we can r e p r e s e n t a t e  t h e  s o l u t i c n  by L i e  s e r i e s .  
for t h i s  ca se  t h e  s o l u t i o n  i s  g i v e n  by ( I I , 1 2 )  and ( 1 1 , 1 5 ) ,  r e s p e c -  
t i v e l y .  The o p E r a t o r  D rEads :  
.. 
3 :or t & a l ,  t L a2, t = a 
1 1  1 2 
+ -) f ( t )  = - -(- + -1 2 t-al t -a2 t -a3 
2 
1 .  bo+bl t + b 2 t  
4 j (+--al )( t-a,>(t-a,)  
n2 + "3 
2 1  = f 2 ( t )  = - - 
% A4 
2 +- + -  - -   
t -a  1 t-a2 (t-a,) t -a3 
A 3 ,  A being  c o n s t a n t s  . 4 A1 9 A2 3 
. - 20 - * 
-1 ) Y + l O !  - 1 ) Q + l  Q ! ( -1 ) Q+I Q ! f l ( Q ) ( t )  = ( + + )Q+1 
2 ( t - a l  )Q+’  2 ( t - a 2 ) ~ + ’  ( t  -a3 
f 2 ( Q ) ( t )  = + + + 
( t -a  )Q+’ ( t -a  )Q+’  (t-.,) Q+1 
AI  ( -1 ) Q ! A2 ( -1 ) ‘+’ Q ! A4 ( -1 ) ‘+’ Q ! 
2 1 
A 7 (  -1 )‘+’ (q+l  ) ! 
+ ’  
( t-a3)Q+2 
1Vith E q s o ( I I , 1 2 ) ,  ( 1 1 , 1 5 ) ,  ( 1 1 , 2 0 ) ,  ( I I , 2 1 )  and ( I I , 2 2 )  E q . ( I 1 9 1 8 )  
i s  so lved  and t h e  Wangerin f u n c t i o n s  can  be computated by L i e  s e r i e s .  
The Lie s e r i e s  s o l u t i o n  ( I I , 1 2 )  and ( I I , l 5 )  of E q . ( I I , 1 8 )  converges  
m i t h i n  a c i r c l e  whose c e n t e r  i s  a t  t = t and whose r a d i u s  e x t e n d s  
t o  t h e  n e a r e s t  s i n g u l a r i t y  o f  t h e  d i f f e r e n t i a l  e q u a t i o n .  
. 
0 
The g e n e r a l  s o l u t i o n  o f  E q . ( I I , 1 8 )  i s  g i v e n  by 
z ( t )  = Awl + BW2 
where A and B a r e  a r b i t r a r y  c o n s t a n t s  and W 1 ,  W2 are Wangerin 
f u n c t i o n s .  
F o r  computing t h e  Wangerin f u n c t i c n s  by means o f  L i e  s e r i e s  we 
r e f e r  t o  t h e  t r e a t m e n t  u n d e r  t y p e  X i n  t h i s  work. 
I11 Conclus ion  
c 
.. 
I n  e a r l i e r  r e p o r t s  unde r  t h e  c o n t r a c t  No.NGR 52-046-001 and i n  
t h i s  work we have i n v e s t i g a t e d  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  
which r e s u l t  f rom a s e p a r a t i o n  o f  Helmholtz  and Laplac6  e q u a t i o n  
i n  v a r i o u s  c o o r d i n a t e  sys t ems .  
The s o l u t i o n  f u n c t i o n s :  
Vlsber f u n c t i o n s ,  Besse l  f u n c t i o n s ,  Baer  f u n c t i o n s ,  Mathieu f u n c t i o n s ,  
* *  
.- t l  - 
Legendre f u n c t i o n s ,  Lam6 f u n c t i o n s ,  Wangerin f u n c t i o n s  and Heine 
f u n c t i o n s  were r e p r e s e n t e d  by Lie  s e r i e s .  For  computing t h e  Weber 
f u n c t i o n s ,  t h e  Besse l  f u n c t i o n s  and t h e  Na th ieu  f u n c t i o n s  codes 
were w r i t t e n .  Numerical r e s u l t s  were p u b l i s h e d  i n  Rep.5, Rep.6, 
c o n t r a c t  NGR-52-046-001 and t h e  momgraph e n t i t l e d :  The S o l u t i o n  
of Ordinary  D i f f e r e n t i a l  Equat ion  by Means of  L i e  S e r i e s ,  by 
F.Cap, W.Groebner, D . F l o r i a n i ,  A.Schett and J .Wei l ,  p u b l i s h e d  by 
MASA. 
APPENDIX 
Here we show t h a t  f o r  s p e c i a l  d i f f e r e n t i a l  e q u a t i o n s  t h e  s e r i e s  
-f- , - t” D”z0 b reaks  o f f ,  i . e . ,  t h e  s o l u t i o n  i s  r e p r e s e n t e d  by 
i -  L !  
polynomia ls .  A s  a s p e c i a l  example we i n v e s t i g a t e  Legendre polyno- 
m i a l  s . 
Legendre P o l y n o n i a l s  
iiJe c o n s i d e r  t h e  d i f f e r e n t i a l  e q u a t i o n  which a p p e a r s  i n  t h e  sepa- 
r a t i o n  e q u a t i o n s  o f  s p h e r i c a l  p d l a r  c o o r d i n a t e s ,  a f t e r  s p l i t t i n g  
up  t h e  s i n g u l a r i t i e s .  
( t  2 - I ) z “  + 2 t ~ l  - n ( n + l ) Z  = o 
I n s e r t i n g  Eq.(A,2) i n  Eq.(A,l) one o b t a i n s :  
s o  t h a t  
i f  u - 2  = 1 one o b t a i n s  
Necessary  and s u f f i c i e n t  t h a t  Eq.(A,3) i s  v a l i d  i s  t h e  r e l a t i a n  
1 If Doz and D z a r e  g i v e n  one can  c a l c u l a t e  all D'z by Eq. ( A , 5 ) .  
- 23 - 
-* 6 
For u= n i t  follows 
Dn+2 z = (n  2 - n + 2n - n 2 - n)Dnz = 0 
- 
--2 t" T h i s  means, t h e  s e r i e s  
h2ve polynomia ls .  
7 DL'z breaks o f f ,  i n  o t h e r  words we 
!.' . 
It i s  well known, t h a t  E q . ( i ? , l )  i s  so lved  by Legendre polynomia ls  
Pn, i . e . ,  t h e  r e l a t i o n  i s  v a l i d :  
td r, Z ( t )  =y - D z = Pm 
--- i '  ! A. 
n t ~ .  
n TI! 
- 
F o r  computing P by t h e  ser ies  ) - D' z we need t h e  i n i t i a l  
-7T 
v a l u e s  Z ( t  = t o )  and Z 1 ( t  = t ) o r  
3 
P n ( t  = to) and P1,( t  = t,). 
I n  ana logy  one can  o b t a i n  o t h e r  po lynomia ls .  
- 24 - 
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